Abstract: This work presents a mathematical model, a computational scheme and experimental results describing the electrodynamic characteristics of a nonmagnetic, isotropic, E-polarized, nonlinear layered dielectric object with a cubically polarizable medium. The nonlinear object is irradiated by a quasi-homogeneous field, where the incident field constitutes of a packet of phase-synchronized plane oscillations. In the case under consideration the excitation may consist both of a highly intense electromagnetic field at a basic (fundamental) frequency, which results in the generation of the third harmonic, as well as of weakly intense fields at multiples of the basic frequency which produce no harmonics, but only have an influencing effect on the processes of wave radiation. The investigations were carried out within the setting of a coupled system approach at resonant excitation frequencies determined by the eigenvalues of the induced eigenvalue problems. A verification of the energy balance law is carried out. By means of estimations for the conditionalities of the occuring matrices, the level of degeneration of the induced non-self-adjoint spectral problems as well as the sensitivity of the coupled system of nonlinear boundary value problems with respect to computational errors are verified.
Introduction
Dielectric materials with a nonlinear, controllable permittivity are actively studied and practically applied in radiophysics, optics, electronics and instrumentation [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . For modern electronic equipment it is important to increase the polyfunctionality of devices by taking advantage of the properties of the nonlinear dielectric materials which they are made of. Therefore, the fabrication of modern devices of functional electronics requires a comprehensive familiarization with the features of these materials. The properties of solid, liquid or gaseous nonlinear media are important, allowing them to be used for transmutation of energy or information, detection, modulation, amplification, display, storage and further types of transformation of optical or electrical signals carrying information. In this regard, there is a need for new approaches and methods for creating of effective algorithms to solve problems of the analysis and the control of a physical process. The study of properties of resonant structures possessing an optimal generating ability is of high interest.
The present paper complements our previous works [11] [12] [13] [14] [15] [16] . In the setting of a coupled system approach, a numerical investigation of the energy characteristics of the radiation of the third harmonic by a nonlinear layer is performed on the basis of a block-wise iterative scheme for the computational analysis of the resonance properties of wave radiation by a nonlinear layered object in the vicinity of the eigenvalues of induced eigenvalue problems. The results of the calculations showed that as the strength of the incident field increases at a fixed excitation frequency, a shift in the resonant frequency of the nonlinear layer structure is observed. The shift of the excitation frequency away from the resonant frequencies (corresponding to the induced eigen frequencies) leads to a reduction in the gen-erating abilities of the nonlinear object. When a resonant frequency (determined by the eigen frequency of the induced eigenvalue problem) was selected as the excitation frequency, it was possible to increase the portion of the generated energy significantly.
In this paper, the behaviour of energetic and computational peculiarities is studied with increasing excitation amplitude. Comparative results of computational schemes based on different quadrature rules are demonstrated, where the following aspects are evaluated: the convergence properties of the coupled system approach; the energy balance; the conditionalities of the matrices describing the induced eigen modes, and the processes of resonant wave radiation by the nonlinear structure. This made it possible to verify the degeneration of the matrices of the induced eigenvalue problems, and also to estimate the sensitiveness to the errors of the algorithm describing the material and energetic properties of the wave scattering and generation at the resonant frequencies of the nonlinear layered structure.
The mathematical model
A nonlinear, nonmagnetic, isotropic, E-polarized
layered, plate-like dielectric object (see Figure 1 ) with a cubic nonlinear polarization vector
T is investigated. The structure is irradiated by a packet of planar time-harmonic quasi-homogeneous oscillations, where the fulfillment of a so-called condition of phase synchronism is required. The problem is considered in dimensionless spacetime coordinates {x, y, z, t} for a harmonic time dependence exp(−inωt), n ∈ N = {1, 2, 3, . . . }. In these coordinates we have the following parameters: 4πδ denotes the height of the nonlinear layer, ω = κc is the circular frequency (dimensionless), κ is a frequency parameter (dimensionless) such that κ = ω c = 2π λ (it characterizes the proportion between the real height h of the nonlinear layer and the excitation wavelength λ, i.e. 
obtained by:
Here it is assumed that the incident plane wave packet consists of a highly intense field at a certain basic (or fundamental) frequency κ and of at most two weakly intense fields at the frequencies 2κ and 3κ. As a matter of fact, the highly intense field generates waves at the triple frequency. The weakly intense fields have only a controlling influence on the process of wave radiation. Effects of a static electric field are neglected, i.e. E(r, nκ| n=0 ) = 0. If the excitation has the form
the complex-valued amplitudes of the total scattering and generation fields can be represented in the form are the excitation angles of the nonlinear object; " T " denotes the operation of vector/matrix transposition, " " and " " indicate the excitation from the upper z > 2πδ and lower z < −2πδ half-spaces, respectively.
The quantities {Φnκ} 3 n=1 at the multiple frequencies nκ are coupled by the condition of phase synchronism of the waves, see Figure 1 and [12] [13] [14] [15] :
The functions U(nκ; ·) ∈ L 2 (−2πδ, 2πδ) that are being sought in (2) satisfy a system of nonlinear Hammerstein integral equations [11] [12] [13] [14] [15] [16] :
Here
are components of the incident fields (1), analogous to the representation (2) of the total fields, with amplitudes
are the permittivity functions;
are the transverse propagation constants; χ (1) xx and χ (3) xxxx are the entries of the susceptibility tensors of the nonlinear object;
denotes the cubic susceptibility function of the nonlinear medium, where the Kleinman rule about the equality of the coefficients χ (3) xxxx at multiple frequencies is taken into account [5, 17] ; and " * " indicates the operation of complex conjugation.
The complex-valued amplitudes of the radiated waves (2) that are being sought have the following form:
The amplitudes {a 
Solution of the coupled nonlinear equation system
The system of the nonlinear Hammerstein integral equations (3) can be solved numerically by means of a quadrature formula approach. As a result we arrive at a system of coupled nonlinear complex algebraic equations of the second kind:
are the quadrature nodes,
T are the amplitude vectors of the solution to be sought, I denotes the identity matrix, U inc nκ and U inc nκ are the amplitude vectors defined by the incident waves, Bnκ(Uκ , U 2κ , U 3κ ) are matrix-valued nonlinear functions, Cκ(U 2κ , U 3κ ), C 3κ (Uκ , U 2κ ) are the right-hand side vectors determined by the choice of the quadrature formula.
The algorithm for the solution of (6) is realized by means of an iterative scheme, at each step of which the following system of linearized complex algebraic equations of second kind is solved [11] [12] [13] [14] [15] [16] :
where
gives the termination indices of the iterations within the blocks at each of the multiple frequencies nκ, n = 1, 2, 3, for the step number q ∈ N;
is the final step of the iterative process (7) for a prescribed value of the relative computing error ξ > 0.
The eigen modes of the induced eigenvalue problems
Applying the principle of analytic continuation, the nonlinear problems (6) are continued into the complex space of values of the frequency parameter, thereby allowing an investigation of induced eigenvalue problems [12] [13] [14] [15] [16] . That is, we want to determine the eigenvalues and the nontrivial solutions of the homogeneous non-self-adjoint linear problems with the induced permittivities (4):
where Ωnκ is the discrete set of eigenvalues that are being sought, Hnκ are two-sheeted Riemannian manifolds,
T is the nontrivial vector of the solution that is being sought, corresponding to the eigenvalue κn ∈ Ωnκ,
is the matrix defined by the vectors Unκ (cf. (6)). The electric components of the eigen fields can be represented by means of the (nontrivial) solutions of the eigenvalue problems (8) as follows:
Here κ = κ inc is the basic frequency, aκ n = U (κn; 2πδ) and bκ n = U (κn; −2πδ) are the eigen field radiation amplitudes,
are the transverse propagation coefficients considered as functions of the complex-valued frequency spectral variables,
are given real values of the longitudinal propagation constants. The eigen frequencies κn ∈ Ωnκ ⊂ Hnκ of the problems (8) are found from the dispersion equations
by means of Newton's method. The nontrivial solutions Uκ n of the homogeneous systems (8) [I − Bnκ(κn)]Uκ n = 0 are unique up to multiplicative constants and describe the eigen fields (9) of the induced eigenvalue problems.
The computational scheme for the resonant processes in the vicinity of eigen frequencies
The study of the behaviour of resonant wave radiation for the variation of the excitation amplitudes at frequencies in the vicinity of the induced eigen frequencies of the nonlinear layered object under consideration is executed by the help of the algorithm [16] :
see (6) (and algorithm (7));
The termination criterion (10) is the condition
Here are real, positive excitation frequencies, which are determined by the eigen frequencies κn ∈ Ωnκ ⊂ Hnκ, (10) it is shown that such a frequency can be selected from one of the following quantities, see [16] :
{κ : Reκn /n for any n ∈ {1, 2, 3};
or Re(κ 1 + κ 2 + κ 3 )/(1 + 2 + 3);
Re(κ 1 + κ 3 )/(1 + 3); and const}.
In the scheme (10), the following steps are successively performed: the solution of the coupled problem (6) (by means of the scheme (7)); the solution of the induced eigenvalue problems (8); the selection of the excitation frequency from the values given in the last block of the algorithm (10).
In the investigations of the energetic processes of resonant wave radiation, due to the closeness of the eigen frequencies of the induced eigenvalue problems, the initial approximation to the excitation frequency κ = κ inc := κ The energetic properties of the nonlinear layered object can be described using the following notation:
The quantities R The proportions of the energy of the third harmonic to the energy radiated by the first harmonic and to the total energy are defined as
In the numerical experiments, the Q-factors of the waves to the eigenvalues κn of the eigenvalue problems (8) at the frequencies nκ, i.e. In Figure 2 we see that as the amplitude of the incident field increases, a shift of the branches of eigen frequencies occurs. In the case of a fixed excitation frequency κ = 0.375, as shown in Figure 2(a) , the complex branches of the dispersion curves κn(a In correspondence to the cases depicted in Figure 2 , Figure 3 shows the energetic properties of the structure. From Figure 3 The scattered/generated (5) and eigen fields (9) of the dielectric layer in the case of E-polarization under consideration is classified by the type
see [11] [12] [13] [14] [15] [16] 18] . The indices specify the number of local maxima |Ex| (or |U|, since |U| = |Ex|, see (5), (9)) along the coordinate axes in the space filled by the dielectric layer, see Figure 1 . Since the oscillations under investigation are homogeneous along the x-axis and quasi-homogeneous along the y-axis, they are of the type
where the index p indicates the number of local maxima of the function |U| with respect to z on the segment [−2πδ, 2πδ].
In the studied range of amplitudes of the incident field, we observe scattered fields of the type H 0,0,4 (see |Uκ| in Figure 4 (a) and generated fields of the type H 0,0,10 (see |U 3κ | in Figure 4(b) ).
The nonlinear components ε of the incident field at the frequency κ = Reκ 1 (a inc κ ) leads to the generation of a field U(3κ; z). In the considered case, the quantity Imεκ oscillates and assumes both negative as well as positive values in the layer, see Figure 4 (a)). The outlined situation is typical for the expenses (losses) of energy in the nonlinear object (at the excitation frequency κ = Reκ 1 (a inc κ )) that are consumed for the generation of the third harmonic field (at the frequency 3κ) [11] [12] [13] [14] [15] [16] . The generated fields at the frequency 3κ are weak and energetically do not contribute to the generation of new harmonics. Note that Imε 3κ ≡ 0, see Figure 4 (b).
Computational specifics of the study
The numerical results for the energetic and material characteristics of resonant wave radiation at multiple frequencies by nonlinear media near the eigen frequencies of scattering κ = Reκ 1 (a inc κ ) and generation 3κ are obtained by solving systems of coupled nonlinear algebraic equations on the basis of the algorithm (10). The matrix elements of the problems under investigation are obtained by applying quadrature formulas to systems of nonlinear Hammerstein integral equations in analyzing the processes of wave scattering and generation, as well as to linearized integral equations in the study of the eigen modes of layered objects with induced permittivities.
The calculations are carried out with double precision in the standard arithmetic of complex numbers, the corre- That is, the number of significant decimal digits in the mantissa is not higher than 16. This section compares computational aspects of some variants of the process (10), using the composite Simpson's quadrature rule in one case and the higher-accurate composite Weddle's rule in the other case. In the first case, equation systems of dimension 301 result, whereas in the second case the systems have the dimension 121, see [19] and In the range of parameters under investigation, the energy balance ratio The value of the energy balance error
was calculated.
In both of the considered cases of realization of the iteration process (10) Figure 6 shows estimates of the conditionality of the matrices from (10) obtained by Simpson's and Weddle's quadrature rules for linear systems of dimensions 301 and 121, resp. The estimation of the conditionalities of the matrices was carried out using the technique described in [20, 21] .
It is possible to characterize the level of degeneration of the matrices I − Bnκ(κn) at the computed eigenvalues κn ∈ Ωnκ ⊂ Hnκ, n = 1, 3, see (10) and (8) These values reflect large matrix conditionalities, which is an indirect feature of the degeneration (or singularity) of these matrices, see Figure 6 (a).
The sensitiveness of the matrices I−Bnκ in the coupled system, see (10) and (6), to errors in the vicinity of the resonant radiation frequencies κ = Reκ 1 , 3κ can be described by the help of the values
The logarithm of the matrix conditionality gives some information about how many significant digits are lost in solving the system [21] .
After comparison of the experimental results depicted in Figure 6 (b) by the curves Ynκ [Simpson] (for systems of dimension 301) and Ynκ [Weddle] (for systems of dimension 121) for n = 1, 3, we can summarize the following observations. The computational method (10), realized with Weddle's quadrature rule is more sensitive with respect to computing errors than the same method, but constructed using Simpson's quadrature rule. In this case, a diminution in the dimension of the system from 301 to 121 leads to a deficit of at most one significant digit in the solution, see the difference of the quantities Ynκ [Weddle] and Ynκ [Simpson], for n = 1 and n = 3 in Figure 6 (b). Since the reduction in the dimension of the equation systems significantly reduces the computing time, this is a significant advantage and opens the way to solving new more complex nonlinear resonant wave scattering and generation problems for both layered as well as layered periodic structures.
The computational algorithm (10) developed in the present work is based on the rigorous solution of systems of coupled nonlinear boundary value problems and the corresponding induced spectral homogeneous boundary value problems of Electrodynamics. The spectral prob-lems, in turn, allow to adjust precisely the resonant frequencies of excitation of the nonlinear objects and, in fact, to control their radiating abilities.
The uniform approach described in [14, 15] in the develeopment of mathematical models for the study of layered and layered-periodic problems of Electrodynamics allows to apply the given computational schemes to the analysis of periodic (grating) problems.
While usually the periodicity of a grating is predetermined by a corresponding periodicity property of the linear component of the permittivity (i.e. by an inherent material property), here the periodicity of the non-linear structure under investigation can additionally be controlled by the incident field [14, 15] . Ultimately, this means that a grating can be created, even if the linear component of the permittivity is not periodic.
In particular, if the nonlinear layer is irradiated by a quasi-homogeneous excitation field, it is transformed into a transversely layered structure. If the same nonlinear layer is excited by a quasi-periodic field, it becomes a layered-periodic (i.e. a transversely layered and longitudinally periodic) grating structure.
Conclusion
In the setting of a coupled system approach and taking into special account the behaviour of the complex spectra, a block-iterative scheme for the numerical exploration of the resonance properties of radiated multi-frequency oscillations by a nonlinear object in the vicinity of the eigenvalues of induced eigenvalue problems is discussed.
The results of numerical investigations of the properties of resonant wave radiation at multiple frequencies by a nonlinear object are described. It could be observed that the effect of the transparency diminution of a nonreflecting nonlinear layered structure at the resonant excitation is a consequence of the energy exchange that is expended for the generation of higher harmonics.
It has been demonstrated that it is possible to study the energy exchange processes occurring during multifrequency wave radiation by nonlinear objects indirectly by means of the spectral properties of those objects induced by the incident field.
A comparison of the computational features, resulting from the use of the composite Simpson's and Weddle's quadrature rules (the latter with a higher degree of accuracy) is presented. Results for the energy balance, the convergence rate of the coupled system approach with increasing excitation amplitude are discussed. Estimations of the conditionalities of the matrices describing both the induced eigen modes and the resonant multi-frequency wave radiation processes by a nonlinear layered structure are given. This made it possible to obtain an indirect criterion for testing the degeneration of the matrices of the eigenvalue problems at the points of the spectrum, and also to estimate the sensitiveness to computing errors of the algorithm or the investigation of the processes of wave radiated near resonant frequencies.
It is shown that the use of quadrature formulas of a higher degree of accuracy allows to decrease the dimension of the equation systems to be solved by about 2.5, which saves considerable computing time. This is a significant advantage in solving new nonlinear problems of resonant wave radiation for both layered as well as layered periodic structures. It opens the prospects for the development of new numerical-analytical approaches to the investigation of irregular properties of wave radiation.
